In this paper, we prove the propagation of L p upper bounds for the spatially homogeneous relativistic Boltzmann equation for any 1 < p < ∞. We consider the case of relativistic hard ball with Grad's angular cutoff. Our proof is based on a detailed study of the interrelationship between the relative momenta, the regularity and the L p estimates for the gain operator, the development of the relativistic Carleman representation, and several estimates on the relativistic hypersurface E v * v ′ −v . We also derive a Pythagorean theorem for the relative momenta g(v, v * ), g(v, v ′ ), and g(v ′ , v * ), which has a crucial role in the reduction of the momentum singularity.
Introduction
The relativistic Boltzmann equation is a central model in the kinetic theory of gases for the dynamics of fast moving particles whose speed is comparable to the speed of light. The equation is a generalized model of the classical Boltzmann equation and is based on Einstein's theory of special relativity. The spatially homogeneous relativistic Boltzmann equation reads
where the unknown f = f (t, v) is a probability density function on R 3 at time t.
The collision operator Q(f, f ) is a quadratic bilinear operator defined as
in the center-of-momentum framework, where σ(g, θ) is a scattering kernel (or is sometimes called collision cross-section) that depends only on the relative momentum g and the scattering angle ω, and v ø is the Möller velocity defined by
Here, v 0 stands for the energy of a relativistic particle with momentum v and is defined as v 0 def = 1 + |v| 2 , where, for the sake of simplicity, we normalize the speed of light and the rest mass to be 1. We define v 0 * , v ′0 , and v ′0 * in a similar manner. The definition implies that v ø 1.
The notations g and s stand for the relative momentum and the square of energy in the center-of-momentum frame and are defined by
Then we have the identity s = g 2 + 4. We also define the notationsḡ
In the definition of the collision operator Q(f, f ), v ′ and v ′ * stand for the postcollisional momenta of particles which had the momenta v and v * before the collision, respectively. The equation was derived under the assumption that the momenum and the energy are conserved after each collision; i.e.,
In the center-of-momentum frame, the post-collisional momenta can be represented as
In the same frame, the microscopic energy of the post-collisional momenta v ′0 and v ′0 * are represented by
(1.7)
The scattering angle θ is defined by
The angle θ is well-defined [17] together with the energy and momentum conservation laws (1.5).
The formal conservation laws for the mass, the momentum, and the energy of the system read
Also, we mention the formal Boltzmann H-theorem
where the entropy functional is defined by
1.1.
A short list of the previous results on the relativistic collisional kinetic theory. This section is devoted to a short list of the previous results in the relativistic collisional kinetic theory. We start with providing a list of general references on the relativistic kinetic theory: [6-9, 15, 17, 39] . For the spatially homogeneous relativistic Boltzmann equation, we have the existence theory developed in [29, 38] . The gain of regularity for the gain operator was shown in [27] . For the spatially homogeneous Landau equation, we have the entropy dissipation estimate [36] and the conditional uniqueness [37] .
There have been many other varied developments in the spatially inhomogeneous relativistic Boltzmann equation. These include the exitence theory [10] [11] [12] [13] [14] 16, 18, 19, 28] , the derivation of the center-of-momentum representation of the operator [9, 34] , the blow-up theory in the case without the loss term [2] , the Newtonian limit of the equation [5, 33] , and the regularizing effect of the operator [1, 27, 40] . For the existence theory on the relativistic Landau and the relativistic Boltzmann equation coupled with the Maxwell equations, we remark the work of [20, 35] . There are also some results on the relativistic BGK-type models [3, 4, [21] [22] [23] 31 ].
1.2.
Hypothesis on the collision cross-section. The relativistic collision crosssection σ(g, θ) is a non-negative function which only depends on the relative velocity g and the scattering angle θ. We assume that σ takes the form of the product in its arguments; i.e., σ(g, θ) def = Φ(g)σ 0 (θ). In general, we suppose that both Φ and σ 0 are non-negative functions.
Without loss of generality, we may assume that the collision kernel σ is supported only when cos θ ≥ 0 throught this paper; i.e., 0 ≤ θ ≤ π 2 . Otherwise, the following symmetrization [17] will reduce the case:
where 1 A is the indicator function of the set A. We further assume the collision kernel satisfies the following hard potential assumption:
We suppose that the angular function θ → σ 0 (θ) is non-negative and satisfies for some C > 0 that
This is also called the relativistic hard-ball assumption with a Grad's angular cutoff assumption. See [33, Appendix B] for more detailed physical descriptions on the collision cross-sections in relativistic kinetic theory. Together with the assumption on the collision cross-section, we can further split the collision operator Q(f, f ) into two and further define them as the gain term (1.14) Q
and the loss term
Then the loss term can further be written as
with a new operator L.
1.3. Spaces. In this section, we define the weighted L p spaces for p ∈ [1, ∞). We define the weighted L p space L p k as the space of functions whose L p k norm defined as below is bounded:
For L ∞ k , we use the following definition:
Main results.
We may now state our main theorem.
Theorem 1.1. Let p ∈ (1, +∞) and η > 2. Let f 0 be a nonnegative function satisfying
. Suppose the collision cross-section satisfies 1.12 and (1.13). Let the solution f (t, v) to the spatially homogeneous relativistic Boltzmann equation (1.1) with initial datum f 0 have finite mass, energy, and entropy as in (1.9) and (1.10). Then f satisfies the differential inequality
for some 0 < q < p. As a consequence, we have that for all t ≥ 0,
where C f0 depends only on p and the initial conditions ||f 0 || L 1 m and ||f 0 || L p . We now briefly discuss the main theorem. Historically, the problem of showing the propagation of the uniform L p upper bound of the solution has been widely open for the relativistic Boltzmann equation. This is due to the extremely complicated structure of the representations of the post-collisional momenta (1.6) in constrast to the relatively simpler post-collisional velocities in the Newtonian case. Because of the complexity, it has been very limited to use the change of pre-post collisional variables v → v ′ or vice versa, as the Jacobian is no longer uniformly bounded above and below in the relativistic scenario. This was studied in [24] and [25] . However, in order to deal with the dual formation like (3.2), one must find an equivalent way to the change of variables v → v ′ in the estimate.
In order to resolve this issue, we adapt the relativistic analogue of the Carleman representation that was recently developed and used in [24] and [26] . By considering a relativistic counterpart of the Carleman representation, we have a chance to convert the integration with respect to dv × dv * × dω on
is a noncompact 2-dimensional hypersurface and dπ v * is the Lebesgue measure on the surface. The use of the relativistic Carleman representation inevitably involves the integration on the hypersurface E v * v ′ −v and the estimate on the nontrivial hypersurface was motivated by the work in [24] .
Unfortunately, it turned out that the use of the Carleman-type representation involves the appearance of an additional momentum singularity of 1 g(v,v ′ ) as we observe in Lemma 2.4. In order to treat the additional singularity, we derive the Pythagorean theorem for the relative momenta g
Then the Pythagorean identity can further be used to relate the angular part of the scattering kernel σ 0 (θ) to g(v,v ′ ) g(v,v * ) via the symmetrization [17] and the reduction of the angular support of the collision kernel. Namely, we make use of the angular part of the scattering kernel to reduce the momentum singularity. We would like to mention that this is similar to the techniques that one creates and uses additional relative momenta |v −v ′ | to reduce the angular singularity of the non-cutoff inversepower-law Boltzmann equation the other way round, in the sense that we reduce the momentum singularity via the use of the angular part and the Pythagorean theorem. Indeed, the use of the angular part to reduce the momentum singularity was crucial for our angular cutoff situation and, to the best of authors' knowledge, there has been no such a method used for the mathematical analysis of the Boltzmann equation.
We remark that this work generalizes the L p propagation theory in [30] for the spatially homogeneous classical Boltzmann equation with an angular cutoff. We also mention here that the weight m in Theorem 1.1 is not optimal.
1.5. Outline of the paper. The paper is organized as follows. In Section 2, we introduce preliminary lemmas for the proof of the propagation of L p bounds. This will include an introduction to the derivation of the Pythagorean theorem for the relative momenta in the relativistic collisional kinetic theory in Proposition 2.7. Based on the preliminary lemmas, we will establish an upper-bound estimate for the L p norm of the gain operator Q + (f, h) in Section 3. Then the use of the Riesz-Thorin interpolation theorem will improve the L p estimate on the gain operator Q + . Consequently, in Section 4, we prove the main theorem, Theorem 1.1, on the propagation of L p estimates using the improved L p upper-bound estimate for the gain operator Q + from Section 3 and the lower-bound estimate for the loss operator Q − from Lemma 2.3.
Preliminary lemmas
We start with introducing many preliminary estimates on the relativistic terms, which will be crucially used in the paper. We start with a well-known coercive inequality for the relative momentum g in the center-of-momentum framework.
Lemma 2.1 (Lemma 3.1 (i) and (ii) on page 316 of [19] ). The relative momentum g satisfies the following inequalities:
We remark that in [19] g is defined as 1 2 of our g in (1.3). We will also make a use of the following uniform lower bound estimate for the loss term operator L: Lemma 2.3 (Lemma 3.3 on page 925 of [38] ). Let f (t, v) have finite mass, energy, and entropy as in (1.9), (1.10), and (1.16). Then there exists uniform positive constants C ℓ > 0 and C u > 0, which are determined only by the mass, energy, and entropy of the initial data f 0 , such that the following estimate holds:
One of the most crucial identities that we use in this paper is the following identity on the representations of the relativistic Boltzmann collision operator. We call it a relativistic Carleman representation.
Lemma 2.4 (The relativistic Carleman representation [24] ). For any suitable integrable function A : For the interpolation between Lebesgue spaces, we will record here a lemma on the gain of regularity for the relativistic Boltzmann gain operator. 
This immediately implies the following corollary:
Proof. This is almost obvious via the Sobolev embedding theorem H 1 ⊂ L 6 .
Finally, we derive the Pythagorean theorem for the relative momenta as in the following proposition: Proposition 2.7 (Pythagorean theorem for the relative momenta). The relative momenta g = g(v, v * ),ḡ = g(v, v ′ ), andg = g(v ′ , v * ) satisfy the following identity
Moreover,
if θ is defined as in (1.8).
Proof. We first claim that the momentum and energy conservation laws (1.5) imply
In order to prove the claim, we first observe that
, by the conservation laws (1.5). Then, we use (1.5) and obtain that
Then we recall the definition ofḡ that
and use this definition to obtain that
. This proves the claim. Now we observe that
by expanding the squares. Then, we have
. Therefore, we have
This completes the proof of the Pythagorean theorem. Then, the relation sin θ 2 =ḡ g immediately follows by the Pythagorean theorem above, the identity cos θ = −ḡ 2 +g 2 g 2 from Page 12 of [24] , and the half-angle formula. This completes the proof.
Together with the assumption on the collision cross-section (1.12) and (1.13), the lemma above implies the following corollary: Proof. Since we assume that θ ∈ 0, π 2 , we have sin θ ≈ sin θ 2 . By Proposition 2.7, we observe sin θ 2 ≈ḡ g and obtain σ(g, θ) ≈ḡ.
L p estimates on the gain operator
This section is devoted to show an L p estimate for the gain term in the collision operator. More precisely, we prove the following theorem: 12) and (1.13) . Then, we have
Proof. By duality, we have
where 1 p + 1 p ′ = 1. By definition, we havê
Then we consider the pre-post change of variables (v, v * ) → (v ′ , v ′ * ) and obtain that
where we used g(v, v * ) = g(v ′ , v ′ * ) and v ø is invariant under the change of variables. Then by the Hölder inequality, we obtain
for some η > 2 and 1 p + 1 p ′ = 1. We first observe that
Thus we further observe that
as we have v ø 1. We now define
The estimate on K will be performed via considering a new representation of K. This new representation is called as the relativistic Carleman representation, which was originally derived and used in [24] and [26] . Here we would like to make a brief introduction on the derivation of the relativistic Carleman representation of K. We first recall [34, Theorem 2] which states that
where c is the speed of light which has been normalized to be 1 in the paper. Then we use this theorem and raise the 8-fold integral in (3.4) to a 12-fold integral (see [24, 26, 32, 34] ) by adding the 4-dimensional delta function of momentum and energy conservation laws:
Then the use of Lemma 2.4 on the representation (3.5) admits a new representation of K of
where the Lebesgue measure on the hypersurface E v * v ′ −v is defined as
and u(x) = 1 if x ≥ 1 and = 0 otherwise. This representation is what we call the relativistic Carleman representation of K. Since Corollary 2.8 additionally states that σ(g, θ) ≈ḡ, we also obtain that the integral K is equivalent to
In order to achieve an upper-bound estimate for the new represenation K, we first take a change of variables on v * into angular coordinates as v * ∈ R 3 → (r, θ, φ) and choose the z-axis parallel to v − v ′ such that the angle between v * and v − v ′ is equal to φ. The terms in the delta function can be rewritten as
Thus, we obtain that
where we have used s v 0 v 0 * , |u(x)| ≤ 1,ḡ ≤ |v − v ′ |, and η > 2. Therefore, we conclude that
Then we use ||ψ|| L p ′ ≤ 1 and obtain K f 
Proof. This is a direct consequence of Theorem 3.1 with p = 1 and p = 2q.
We can now use the Riesz-Thorin interpolation theorem to obtain the following improved estimate on the gain operator Q + :
Proof. This follows by the Riesz-Thorin interpolation theorem between (3.6) and (2.6) for the case q ∈ (1, 6] and between (3.7) and (2.6) for the case q ∈ [6, +∞).
Propagation of L p estimates
This section is devoted to prove the propagation of L p integrability of the solutions to the spatially homogeneous relativistic Boltzmann equation. We may now prove our main theorem.
Proof of Theorem 1.1. We start with multiplying f p−1 to (1.1). Then we obtain
By Lemma 2.3, we further have
On the other hand, by the Hölder inequality and Corollary 3.3 with m = p, we havê Since the L n norm still contains some positive weights, we interpolate with the stronger norms. Interpolation between the Lebesgue spaces and the weights gives: , if p ∈ [6, +∞).
Then, the theorem follows by plugging (4.2) and (4.6) into (4.1).
